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Abstract 
Manvel, B., A. Meyerowitz, A. Schwenk, K. Smith and P. Stockmeyer, Reconstruction of 
sequences, Discrete Mathematics 94 (1991) 209-219. 
Every sequence of length n determines (;) subsequences of length k. We investigate the 
relationship between such subsequences and the original sequence. In particular, we show that 
for n > 7 and k a [n/2] the subsequences uniquely determine the original sequence, and for 
k c log, n they do not. 
1. Introduction 
The 4-sequence bcca contains the six 2-sequences Bc, bc, ba, cc, ca, and ca. In 
general, any n-sequence determines a multiset of (i) ( = n!/k!(n - k)!) k- 
sequences. Suppose, conversely, that we are given a multiset of k-sequences. 
Does that multiset come from some sequence? If so, is the source seqtience 
unique? Such questions are reminiscent of the problem of reconstructing raphs 
from vertex-deleted subgraphs, which has received a great deal of attention in the 
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last twenty years [2]. In this paper we consider the problem of reconstructing an 
n-sequence from its subsequences of length k. 
Before going any further, we present hree examples. We suggest you try these 
before continuing, to get some of the flavor of the problem. Answers are to be 
found later in this section. 
Example 1. Do the following multisets come from sequences? If so, what size 
sequences? Are the source sequences unique? 
(a) (abac, abaa, abca, aaca, baca, baac), 
(b) (ab, aa, bb, ba, ab, ba), 
(c) (aab, sac, acb, bab, aba, abb, bat, abc, acb, bcb). 
This problem was apparently first raised in a paper by Kalashnik [3], but very 
little has been published about it. One of us mentioned it, as a variation of the 
graph reconstruction problem, at a conference. This initiated a burst of activity, 
the results of which are reported here rather belatedly. We have found that 
sequence reconstruction presents good opportunities for application of several 
standard combinatorial techniques, and many challenges yet remain. 
We let S denote an n-sequence of terms chosen from an alphabet X. Clearly S 
has (z) subsequences of length k, 1 s k c n. We call the multiset of k- 
subsequences of S the k-deck of S. If an n-sequence is uniquely determined by its 
k-deck, we say it is k-reconstructible, or k-RC for short. 
A multiset of k-sequences is legitimate if it is the k-deck of some sequence. Any 
multiset of k-sequences obviously determines k and the size of the multiset must 
be (g) for some n if the multiset is to have a chance to be legitimate. This simple 
numerical criterion is sufficient to show that Example l(a) is not a legitimate 
multiset, since 6 is not (“4) for any n. On the other hand, Examples l(b) and l(c) 
survive this test, since 6 = (i) and 10 = (z). Thus l(b) and l(c) may be legitimate, 
arising from a 4-sequence and a Ssequence, respectively. This counting test, 
which determines n uniquely, can be extended to counts on subsequences of 
various lengths. On the other hand, all those tests together are not obviously a 
sufficient est for legitimacy. We know of no good conclusive test of legitimacy. 
A legitimate sequence S is not k-RC if there exists another n-sequence with the 
same k-deck. This is illustrated by Example l(b) which is the 2-deck of both abba 
and baab. On the other hand, some intelligent trial-and-error leads to the 
observation that the sequences of Example l(c) are the 3-deck of the sequence 
abacb. It is then not difficult to give an argument hat no other sequence has this 
same 3deck, so that abacb is 3-RC (a fact implied by the theory to be presented 
Lter). 
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2. Basic results 
We use the notation($) to denote the number of copies of the sequence T 
which appear as subsequences in S. Thus in Example l(b), ($p) = 2. A simple 
counting argument gives the following result. 
Lemma 1. If two sequences S and R have the same k-deik, then they have the 
same (k - i)-deck, for all i > 0. 
Proof. A given (k - i)-subsequence T of S will appear exactly 
times in the k-subsequences of S. Since S and R have the same k-deck, we must 
have (s) = (“,), and S and R have the same (k - i)-deck. Cl 
Corollary 1. If S is k-RC then it is (k + i)-RC, for all i > 0. 
The corollary assures us that long subsequences are at least as useful for 
reconstruction as short subsequences. The obvious question is then: for each n, 
what length k of subsequences i required to determine all n-sequences? Let f (n) 
denote the minimum value of k for which every n-sequence is k-RC. We would 
like to find the value off(n) for all n, but so far we have only partial results. In 
his original paper [3], Kalashnik apparently proved that f(n) s n/2. We have 
been unable to obtain a copy of his paper, but present our own proof that 
f(n) G n/2. A paper by Aleksanjan [l] claims to show that f (n) s 3 for all n. It is 
easy to see that the pair abbaaab, baaabba have the same 3-deck, and so srrve as 
a counterexample to that claim. In fact we will show that f (n) is at least log,n for 
large n. Before we do that, however, we eliminate one source of complication by 
showing that we can limit ourselves to sequences on alphabets of size 2. 
Lemma 2. All n-sequences with terms from an alphabet X with more than one 
member are k-RC if and only if all n-sequences with terms from (a, 6) are k-RC. 
Proof. Clearly if we can k-reconstruct any n-sequence on X we can k-reconstruct 
any n-sequence on (a, 6). Conversely, if we know how to k-reconstruct all 
n-sequences on {a, b}, then given the k-deck of any rt-sequence on X, replace 
any one element, say x, with ‘a’ in all of its appearances, and replace all the other 
elements with ‘6’. Since we can k-reconstruct sequences on {a, 6). we can 
determine the location of all the x’s in the original sequence. Repeating this 
procedure with all of the other elements, we can A-recoi:jtruct the origin& 
sequence. Cl 
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Because of Lemma 2, we will assume from now on that all of our sequences are 
on the set {a, b}. 
We now give a counting argument o show f(n) > (1 - c)logz n for any fixed E 
and all large enough n. We will give a constructive proof that f(n) > log* n (at 
least when n = 2”) in the next section. 
Lemma 3. For any e, 0 c E < 1, there is an N such that f (n) > (1 - E)log* n for all 
n>N. 
Proof. The number of possible k-decks for n-sequences is the number of ways to 
select ($) objects from 2” distinct objects, with repetition allowed, which is 
( 1 0 “k +2k-1 2k-l l 
But for k <n and n > 3, we have 
n 2k-1 
<k 0 
< nk(2’-1). (1) 
Since the number of binary n-sequences is 2”, it follows from (1) that if 
nk(2k--I) <2” (2) 
there are not enough distinct k-decks to go around, and two n-sequences have the 
same deck. Solving (2) for k is difficult, but we can immediately observe that for 
any fixed k, (2) is true for large n. So no fixed k is sufficient to reconstruct 
arbitrarily long sequences. To get an estimate of how large k must be to allow the 
inequality in (2) to be reversed, choose k’ so that k = k’log2 n. Substituting this 
into (2), taking the logarithm of both sides and simplifying yields 
k’(log, n)‘(n”’ - 1) c n. (3) 
If k’ = 1 - E, 0 < E C 1, this is true for n sufficiently large. Thus for large n, 
n-sequences are not k-reconstructible if k = (1 - &)log, n. 0 
3. Nonreconstructible sequences 
We will employ four ways to construct new sequences from old ones. The 
concatenation S + T is the sequence S followed by the sequence T. For sequences 
R, S and T the substitution R[S, T] is obtained from R by replacing each a with S 
and each b with T. The complement R, of the sequence R is R[b, a]. Finally, the 
reversal R, is R read backwards. 
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Example 2. Let R, S, and T be aba, bbab, and aabbb, respectively. Then S + T 
is bbabaabbb, R[S, T] is bbabaabbnbbab. SC is ~tr;.i I, and Cp; is bbbaa. 
The following is immediate. 
Lemma 4. For any sequences R and S with the same k-deck, and any other 
sequence T, 
(a) R + T and S + T have the same k-deck. 
(b) R, and S, have the same k-deck. 
(c) R, and S, have the same k-deck. 
Substitution is very useful for constructing nonreconstructible pairs of se- 
quences, because of the following lemma. 
Lem, ?a 5. If A and B are n-sequences with a common k-deck and C and D are 
m-sequences with a common h-deck, then A[C, D] and B[C, D] are nm-sequences 
with a common (k + h)-deck. 
Proof. We will show that any (k + h)-sequence E appears in A[C, D] and 
B[C D] an equal number of times. The sequence A[C, D] can be thought of as 
being made up of n blocks, each of length m. (Each block is either C or D). We 
consider two types of intersections that E can have with A[C, D] and B[C, D]. 
Type 1. E intersects ome b!ock of A[C, D] in more than h places. 
In this case, E can intersect at most k blocks, since it is a (k + h)-sequence. 
Suppose E intersects exactly j blocks. These j blocks correspond to a j- 
subsequence of A, which occurs (by Lemma 1 since j s k) exactly as often in B as 
in A. So E occurs in B in this manner (i.e., as a Type 1 intersection) and as many 
times as it does in A[C, D]. By symmetry, E occurs in A[C, D] in this manner if 
and only if it occurs in B[C, D] in this manner, and the same number of times in 
each. 
Type 2. E intersects every block of A[C, D] in at most h places. 
In this case we can view A[C, D] and B[C, D] as S,, S;, i . . , S,, and &, 
T2r l - l P T,, respectively, where each Si and K is either C or D. But C and D have 
the same h-decks so, by Lemma 1, the portion of E in Si occurs in T as well and 
the same number of times as in Si. Thus E occurs in B[C, D] in this second 
manner and the same number of times as in A[C, D]. Cl 
Given n-sequences A, B and m-sequences C, D as in Lemma 5, many pairs of 
mn-sequences which are non-(k + h)-reconstructible can be constructed, includ- 
ing A[C, D] and B[C, D]. In this pair the roles of A arid B could be traded, the 
roles of C and D could be traded, A and B could be traded with C and D, cold -Jve 
could use complements or reversals of A and Ij‘ or C and D. Sometimes these 
operations will lead to new pairs, sometimes various symmetries and relations will 
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result in a pair which is constructed already, but it should be clear that many 
slightly different non-reconstructble pairs can be made. 
Example 3. The pair of Zsequences A = ab and A, = ba are not l-RC. Re- 
peatedly replacing a and b by A and A,, respectively, produces the sequence 
non-2-RC abba, baab 
non-3-RC abbabaab, baababba 
non-4-RC abbabaabbaababbq baababbaabbabaab 
etc. 
These examples give constructive verification of Lemma 3 in the case n = 2&. In 
fact we can do better than the pairs in Example 3. 
Example 4. The first of the following pairs was found by trial and error. The 
others can be found using techniques explained in Section 5. 
(a) abbbaab and baabbba are a non-3-R@ pair of length 7. 
(b) abbbabaabbba and baabbbabbaab are a non-4-RC pair of length 12. 
(c) S = abbbbaaabbbbbaab nd S, are a non-5-RC pair of length 16. 
(d) abbaaaaabbbaaaabaaabbbaaaaabba and 
baaaabbbaaaaababbaaaaabbbaaacb 
are a non-6-RC pair of length 30; 
ie) abbaaGaabbbaaaab~aabbbaaaaabbabbaaaabbabaaaaabbbaaaab and 
baaaabbbaaaaababbaaaaabbabbaaaaabbbaaaba~aabbbaaaaabba 
are a non-7-RC pair of length 54. 
From the pairs in Examples 3 and 4 we can construct pairs of non-k-RC 
sequences for all values of k, using Lemma 5. Those give UP the following upper 
bounds on g(k), which we define to be the minimum value of n for which some 
n-sequence is not k-RC. Notice that if g(k) G n then f(n) > k, and if f(n) s k 
then g(k) > n. 
k = 1 2 3 4 5 6 7 8 9 10 11 
g(k) ~2 4 7 12 16 30 54 106 192 256 480 
4. Reconstruction of sequences 
In order to reconstruct sequences from subsequences, we need some notation. 
If we treat the b’s as dividers of strings of a’s, we write the sequence abbbaab as 
a’ba”ba0ba2ba0. If we assume that we always begin and end sequences with 
(possibly empty) strings of a’s, then we denote the sequence abbbaab by the 
string of integers (1, 0, 0,2,0), which we call the a-vector of abbbaab. Similarly, 
the sequence bbbaababba has associated a-vector (0, 0, 0,2,1,0,1). Of course a 
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similar sequence can display the number of b’s between a’s, and we call that the 
b-vector. For bbbaababba the b-vector is (3,0,1,2,0). 
We focus our efforts on the problem of reconstruction by k-reconstructing 
sequences with exactly r 6’s. These are exactly the sequences which have an 
a-vector with r + 1 terms. For given values of k and r, -what is the minimum 
number s, of a’s so that some sequence with s a’s and r b’s is non-k-RC? Call that 
number s(k, r). If every sequence with r b’s is k-reconstructible, we say 
s(k, r) = 00. The following facts about the function s(k, r) follow from the 
definitions and our earlier lemmas. 
Lemma 6. For the function s(k, r): 
(a) g(k) = min{s(k, r) + r: r EN}, 
(b) s(k, r) ss(k + 1, r). 
We are now ready to begin the proof that f (n) s n/2, so that every sequence is 
reconstructible from the subsequences half its length. The flavor of the proof is 
given by the following simple result. 
Lemma 7. If S is a sequence with k - 1 b’s, then S is k-RC. 
Proof. Suppose we are given the k-deck of such a sequence S with a-vector 
(iO, 4, i2, . . . 9 ik-,), and A is the subseauence of S with 6-vector (j, k -j - 1). 
Then (2 j is known, because A is a k-sequence, and since (2) = ii, the a-vector of 
S is known. But S is completely determined by its a-vector, so S is k-RC. Cl 
By Corollary 1, the lemma implies that sequences with at most k - 1 b’s are 
k-RC. Replacing b by a, we can conclude that sequences with at most k - I a’s 
are also k-RC. But by the pigeonhole principle, an n-sequence must have at most 
k - 1 a’s or at most k - 1 b’s if n < 2k. Thus Lemma 7 has the following 
corollary. 
Corollary 2. Any n-sequence S is k-RC, for k = [n/2] + 1. 
A more sophisticated version of the same argument allows us to improve 
Lemma 7 to the following result, beginning a sequence of three lemmas which 
lead to the main theorem. 
Lemma 8. If S is a sequence with k b’s, with a-vector (iO, il, i2, . . . , ik), and if A 
has b-vector (j, k -j - l), then ($) = (k - j)ii + (j + l)ij+i. 
If two sequences S and S’ have equal counts for all k-sequences with a single a, 
.*c saj: S ar, c S’ iii’2 (k, a)-equivalent. Sequences which are (k, a)-equivalent have 
related a-vectors. 
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Lemma 9. If S and S’, with a-vectors v = (iO, iI, iz, . . . , ik) and v’ = 
( i& ii, ii, . . . , iL), are (k, a)-equivalent, then v - v’ is an integer multiple of the 
vector p with ith component (- l)i( f) for i = 0 to k. 
Proof. If S and S’ are two sequences as described, then they each have k b’s and 
equal multiplicities of k-sequences with a single a. Thus, by Lemma 8, v - v’ is in 
the null space of the matrix 
kl 0 00. .eOO 
0 k-l 2 0 0 l l l l 0 
0 0 k-2 3 0 l l l 0 0 
0 0 0 k-3 4 l l l 0 0 
. . 
0;. . 
l k-j j+l l 0 0 
. . 
0;. .r.. 1 k 
The null space of this matrix is genera+p*J ’ y the vector u. D 




Lemma 10. k) 2 2k-1. 
1. S is k-RC, k = n > 
Proof. We assume that has at least many a’s b’s. If number of 
is less k, then is k-RC Lemma 7. the number of is equal k and 
is not 
3 + a@$ + 2(n-W 
(n + 1) 
3 
a 2’” -3~2 
9 
which implies 
(n + 1) 2 2(n-1)'2 9 
which is false for n > 7. Cl 
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Note that Example 4(a) shows that Theorem 1 is not true for n = 7. 
A similar type of argument leads to a slightly stronger result. 
Lemma ll. Zf S has a-vector (iO, iI, i2, . . . , ik) and A is the subsequence ajbk-‘, 
then 
Lemma 12. Zf S and S’, with a-vectors v = (iO, iI, i2, . . . , ik) and v’ = 
( i& ii, ii, . . . , ii) are not di&inguishable by subsequences of length k, then 
V - v’ = xu, where the vector u has ith component (- l)i($) for i = 0 to k, and if 
k > 2 the integer x satisfies (k z ‘)x = 2iI - 2i2. 
Proof. From Le,nma 9, we know that v - v’ has a representation as claimed. 
Using Lemma 11 on the sequence A = a2bkm2 we know 
This is equal to (z), which because v - v’ = iEcx can be represented as 
i,+i,+i,-x(1-k+($)‘ 
2 I- 
Setting the difference of these expressions equal to 0 and simplifying, we find that 
I ‘k-1~-2’)(~)i(k~?)X_2il_2i2)=0. 
If k > 2 and S and S’ are not equal, the first two factors cannot be zero, so x 
satisfies the required condition. Cl 
Corollary. Zf k = 1 or 2 (mod 4) and k > 2, then s(k, k) 3 2k. 
Proc~f. If k = 1 or 2 (mod 4) then ( k t ‘) is odd. So if x satisfies the condition at 
the end of Lemma 12, x must be even, so at least 2. Then from the proof of 
Lemma 10, s(k, k) 3 x2”-’ = 2k. Cl 
zreconstructible se uences, revisite 
The methods used in the last section to prove certain sequences reconstructible 
can be applied to produce pairs of nonreconstructible sequences. The underlying 
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idea is straightforward, but the actual production process, at least as it is 
understood so far, is an art rather than a science. 
Lemmas 9 and 12 describe how the a-vectors of two sequences must be related 
if the sequences have A b’s and equal counts on k-sequences with a single CL, or on 
k-sequences with one or two a’s. 1’ we continue to focus on k-sequences with a 
single a, but allow k + m b’s, then we have the following generalization of 
Lemma 8, which leads to a natural generalization of Lemma 9. 
Lemma l3. If S is a sequence with k + m b’s and a-vector (iO, iI, i2, . . I -9 k+mp ) 
and A has b-vector (j, k - j - l), An (i) is the sum of terms i,(s)(kk?T_Ir) for 
r=jtom+l. 
Proof. This is a straight counting argument, with each possible location in S of 
the unique a in A giving one term. 0 
Lemma 14. If S and S’ each have k + m b’s, then S is (k, a)-equivalent o S’ if 
and only if the respective a-vectors v and vu’ have a difference v - v’ in the 
codimension m subspace of Zk+m+’ spanned by the vector 
(L-k(;), -(:),~==,c-lr,o...,O) 
and its m - 1 shifi. 
Proof. This follows from Lemma 13 exactly as Lemma 9 foil0ws from Lemma 8. 
The jth row of the matrix for which v - v ’ lies in the null space is given by 
j+(mi-l-j) k+m-(m+l+j) 
. . . , 
i )( k-j-l 
, 0, . . . , 0. 
The null space of this matrix is spanned by the vector given, and its shifts. Cl 
Example 5. The following sequences from Example 4(d) agree on 6-sequences 
with a single a, so that they are (6, a)-equivalent: 
abbaaaaabbbaaaabaaabbbaaaaabba 
baaaabbbaaaaababbaaaaabbbaaaab. 
They have a-vectors v = (1, 0, 5, 0, 0, 4, 3, 0, 0, 5, 0, 1) and U’ = (0, 4, 0, 0, 5, 
1, 0, 5, 0, 0, 4, 0), respectively. The difference v - v’ is (I., -4, 5, 0, -5, 3, 3, 
-5,O, 5, -4, 1)). The number of b’s in each sequence is 11, which is 6 + 5, so we 
have m = 5. Thus v - V’ should be representable as a sum of shifts of the vector 
Recom fraction of sequences 219 
u = (1, -6, 15, -20, 15, -6, 1, 0, 0, 0, 0, 0). 1~ fact if s is an operator shifting 
each nonzero entry one to the right (so that su = (0, 1, -6, 15, -20, 15, -6, 1, 
0, 0, 0, 0), for example) then 
V -VF =LJ+2su+2s2td+2s3u+2s4u+s5u. 
Notice that for the sequences in Example 5 the difference of the b-vectors, 
(-1, 2, 0, 0, -3, 0, 3, 0, 0, -1, -1, 0, 0, 3, 0, -3, 0, 0, 2, -l), lies in the 
14-dimensional subspace spanned by the vector u = (1, -6, 15, -20, 15, -6, 1, 
0 , . . .) and its shifts (it equals -(u + 4su + 9s*u + 14s3u + 17s4u + MS% + 
l&% + 18s’~ + l&s8u + 17s9u + 14s”~ - 9s% + 4s’*u +‘s’~u)) and in fact the 
sequences are (6, b)-equivalent. Certainly two sequences which have identical 
k-subsequences will be both (k, a)- and (k, b)-equivalent. The converse is not 
true, but it is surprising that the smallest counterexample pair we can provide is 




Thus one method for constructing relatively short nonreconstructible pairs of 
sequences is the following: look for a linear combination of an alternating vector 
of binomial coefficients (such as u in Example 5) and its shifts, so that the 
combination, W; is not too long and has entries of relatively small magnitude. 
Then find v and v’ with small nonnegative integer entries and v - v’ = w. 
(Perhaps it is best to find v and v’ with almost as many zero entries as possible.) 
Note the two sequences S and S’ which give the vectors r~ and V’ as a-vectors. 
Then S and S’ are (k, a)-equivalent. Check for (k, b)-equivalence. If they are 
(k, Q-equivalent, check for k-equivalence. This is the method used to find most 
of the sequences in Example 4. 
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